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Abstract. In this paper, WC use the fixed-point technique to prove the existence of a unique 
solution of (L new unified and general cbss of varbtiond inequalities. Several special WCS are 
also discussed. 
1. INTRODUCTION 
Variational inequality theory in their diverse form serve as mathematical models to a num- 
ber of interesting physical phenomena occurring in various research fields. In recent years, 
variational inequalities have been extended and generalized to study a wide class of lin- 
ear and nonlinear problems arising in transportation and economics equilibrium, fluid flow 
through porous media, contact problems in elasticity; see Crank [l], Glowinski, Lions, and 
Tremoliers [2], Kikuchi and Oden [3], Hodrigues [4] and the references therein for physical 
and mathematical formulations. 
Inspired and motivated by the recent research work going on in this area, we introduce and 
study a new class of variational inequalities. Using the fixed point technique of Glowinski, 
Lions, and ‘Demoliers [2], as extended by Noor [5], we prove the existence of a unique 
solution of this new class. We also dicuss several special cases which can be derived from 
this general class of variational inequalities. 
2. FORMULATION AND BASIC RESULTS 
Let H be a real Hilbert space with inner product and norm denoted by (., .) and ]I . 11 
respectively. Let K be a closed convex set in H and T,g : H + H be the continuous 
mappings. 
Given F : H -+ R, a convex, lower semi-continuous, proper and nondifferentiable fun- 
tional, we consider the problem of finding u 6 H such that g(u) E K, and 
< Tu,g(u) - g(u) > +F(u) - F(u) 2 0, for all g(u) E K, (2.1) 
which we shall call the mixed variational inequalty problem. 
Special Cases. 
(i) Note that, if g(u) = u E K, then problem (2.1) is equivalent to finding u E K such 
that 
< Tu,u - u > +F(u) - F(u) > 0, for all u E K. (2.2) 
Formulation of such problems was originally considered and studied by Duvaut and 
Lions [6], but they were unable to prove the existence of unique solution of such 
problems except in special cases. 
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(ii) If (F(v) I 0, then problem (2.1) is equivalent to finding u E H and g(u) E K, such 
that 
< Tu,g(v) - g(u) >z 0, for all g(v) E K. (2.3) 
a problem considered and studied by Noor [7]. 
(iii) If g(u) = u E K and F(u) = 0, then problem (2.1) becomes: Find u E K such that 
< Tu,v - u >z 0, for all v E K (24 
This problem is originally due to Lions and Stampacchia [S]. 
(iv) If F(u) = 0 and K’ = {u E H, (u, V) 10 for all v E K} is a polar cone of the convex 
cone K in H, then problem (2.1) is equivalent to finding u E H such that 
g(u) E K, Tu E K’, < Tu,g(u) >= 0, (2.5) 
which is known as the general nonlinear complementarity problem. Note the symme- 
try role played by the mappings T and g, since K = K’ = R;. 
It is clear that problems (2.2-2.5) are special cases of the problem (2.1). In brief, the 
problem (2.1) is the most general and unifying one, which is one of the main motivations of 
this paper. 
3. MAIN RESULTS 
We also need the following concepts: 
DEFINITION 3.1. A mapping T : H -) H is said to be 
(a) Strongly monotone if there exists a constant a > 0 such that 
< Tu - TV, u - v >> CY 11 u - w /I2 for all u, v E H. 
(b) Lipschita continuous if there exists a constant /3 > 0 such that 
II Tu -TV 111 P II u - v ll, for all U,V E H. 
It is clear that Q < p. 
We now state and prove the main results of this paper. 
THEOREM 3.1. Let the mappings T,g : H -+ H be both strongly monotone and Lipschitz 
continuous respectively. If the mapping g is one-to-one, then there exists a solution u E H 
such that (2.1) holds. 
PROOF: Uniqueness: Its proof is similar to that of Glowinskki et al. [2]. Ezisience: We use 
the fixed point technique of Glowinski, Lions, and Tremolieres [2], as extended by Noor [5], 
to prove the existence of a solution of (2.1). For given u E H, we consider the auxilary 
problem of finding w E H, see [2], satisfying the variational inequality 
(P){ < w,v - w > +pF(v) - /s(u) >< u, v - w > -p < Tu,g(v) - g(w) >, 
for all v E K and some positive p. 
Let WI, w2 be two solutions of (P) related to ~1, u2 E H respectively. It is enough to show 
that the mapping u + w has a fixed point belonging to H satisfying (2.1). In other words, 
we have to show that for p well chosen 
II WI - 7J2 II1 0 II u1- u2 II, 
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with 0 < B < 1, where fl is independent of ul and UZ. Taking u = w2 (respectively UQ) in 
(P) related to ‘~1 (respectively uz), we have 
< Wl,W2 - w1 > +pqw2) - pF(w1) L< ~1, ~2 - ~1 > -P < Twg(w2) - dwl) > 
and 
< w2, Wl - w2 > +p~(wl) - ,JF(w~) >< ~2, WI - ~2 > -P < Tuz,g(wl) - dw2) > 
Adding these inequalties, we obtain 
< WI - w2, WI - w2 >I< ul - ~2, WI - w2 > -p < Tul - Tu2,g(w) - g(w2) >= 
< ul - u - p(Tq - Tuz), WI- w2 > +p < Tul - Tu2,q - 7.~2 - (g(q) - g(w2)) >, 
from which it follows that 
II (~1 - ~2) l12Lll ~1 - ~2 - I.+% - Tu2) IIII ~1 - ~2 II + 
+ P II WI - ~2 - (g(w) - dw2)) IllI TUI - Tu2 II . (3.1) 
Since T, g are both strongly monotone and Lipschitz continuous, by using the technique of 
Noor [9], we have 
and 
II ~1 - ~2 - P(% - Tu2) II21 (1 - 2ap + P2p2) 11 ~1 - ~2 ]I2 (3.2) 
II Wl - w2 - (L?(w) - !?(w2)) 112< (1 - 2c7 + S2) II Wl - w2 II2 
From (3.1), (3.2), and (3.3), we obtain, by using the Lipschitz continuity of T, 
(3.3) 
II w1- w2 II25 { dl- 2w+p2P2 +pP(di=w)} ll UI - u2 ll= 
{Pb + t(d) II Ul - ‘tr2 II, 
where K = dl - 20 + ~5~ and t(p) = (Jl - Parp + P2p2) = 0 II u1 -u2 11, with 0 = @rc+t(p). 
Now t(p) assumes its minimum value for jj = $ with t(p) = &-$. We have to show 
that 0 < 1. For p = p, &K + t(p) < 1 implies that p < &. Thus it follows that 0 < 1 for all 
p with 
Since 0 < 1, so the mapping 
of (2.1), the required result. 
PK 1 
P < 2p2u(L_ K2) and P < p~c. 
u + w defined by (P) has a fixed point which is the solution 
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